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The pseudo Jahn–Teller (PJT) origin of the proton transfer barrier in the Zundel cation at different O-O distances and in an
H5 O+
2 (H2 O)4 cluster is revealed by means of ab initio calculations of their electronic structures and the adiabatic potential energy curves. The vibronic constants in this approach were estimated by fitting the ab initio calculated adiabatic potential to its
analytical expression. It is shown also that the high-symmetry nuclear configurations of proton-centered water clusters of the type
H+ (H2 O)n (n = 6, 4, 3) are unstable with respect to the lowsymmetry nuclear distortions leading to forming the dihydronium
cation H5 O+
2 and the appropriate number of water molecules:
+
H2n+1 O+
n → (n − 2)H2 O + H5 O2 . The reason for this instability and the subsequent decay is the PJT coupling between the
ground and excited electronic states.

In the present work, the pseudo Jahn–Teller effect
(PJTE) is employed to rationalize the results of ab initio calculations of adiabatic potential energy surfaces
(APES) for a series of protonated proton-centered water clusters and to demonstrate its efficiency in considering the systems with hydrogen bonds. Many works
on molecular and solid-state systems [6–9] show that
the analysis of the excited states coupled to the ground
state via appropriate vibrational modes provides valuable knowledge on the causes giving rise to asymmetric
(off-center) atomic displacements. In systems with hydrogen bonds, a quantitative PJT analysis was first used
in [10] to study the origin of the hydrogen bond (HB) in
the proton-bound ammonia dimer cation N2 H+
7 . It was
shown there that this approach reveals many details that
will prove useful for understanding the HB molecules.

1. Introduction

In this work, we first analyzed the possibility of the
formation and the existence of proton-centered water
clusters of the type H+ (H2 O)n (n = 6, 4, 3). For this
purpose, the electronic structure of H+ (H2 O)n clusters
is calculated, and their instability with respect to the
+
decay H2n+1 O+
n → (n − 2)H2 O + H5 O2 is studied.
Particular attention was paid to the analysis of the instability of high-symmetry D2d nuclear configurations
of the dihydronium cation H5 O+
2 (Zundel cation) and
the H5 O+
2 (H2 O)4 cluster that includes the first solvation shell of H5 O+
2 with respect to the proton transfer
from one water molecule to another one. In all the cases,
we started our investigation from the most possible highsymmetry configuration of the systems under consideration, analyzed their distortions, and demonstrated that
a distortion of the whole cluster accompanied by a lowering of the symmetry of its nuclear configuration is due
to the pseudo Jahn–Teller effect.

Protonated water clusters of different dimensions
H+ (H2 O)n are taken as a convenient microscopic model
in studying the proton transfer in liquid water. They
are the subject of numerous experimental and theoretical investigations (see, for example, [1–5] and references
therein). Quantum chemical calculations of such clusters available from the literature are devoted manly to
the determination of the equilibrium geometrical parameters of their lowest-energy isomers. The other goal of
such calculations is the elaboration of pre-parametrized
analytic potential models that could be used to simulate
the proton transfer reaction.
1
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cited (Γ0 ) electronic states in the second-order perturbation theory, and

2. Methods
2.1. Computational details
All calculations were performed, by using the PC
GAMESS version [11] of the GAMESS (US) QC package
[12]. A rather flexible basis set of the triple-zeta quality
(TZV) [13] augmented with polarization functions was
used throughout the calculations. At the first step, the
geometry of all considered proton-centered water clusters in their highest possible symmetry was optimized
in the frame of the RHF SCF method. Then, the electronic correlation was taken into account via the configuration interaction (CI) with single and double excitations
(CISD). In calculating the potential energy curves, the
full valence CI was employed. The active space of CI for
+
the H5 O+
2 and the H5 O2 (H2 O)4 molecular systems included six occupied and five lower unoccupied molecular
orbitals (more than 40000 configurations with S = 0).
Recent benchmark calculations [14] on the database of
barrier heights have shown that the results obtained by
the CISD method are in a good agreement with experimental data. At the same time, the DFT B3LYP calculations significantly underestimate the barrier energy
[14, 15].
2.2. Vibronic coupling treatment of
high-symmetry configuration instability
As always in the JT problems, one starts consideration
from a reference configuration at q = 0, which is defined
as that having a relatively high symmetry, for which the
first derivatives (∂E/∂Q)0 = 0, and assumes that the
electronic state |Γi is nondegenerate. According to the
PJTE theory [16], the adiabatic potential surface in the
space of small displacements qΓ (read off from ε = 0)
can be described as follows:
 2
1
Γ
Γ
ε0 (qΓ ) =
K0Γ
+ KvΓ
qΓ .
2

(1)

Γ
Here, the bare force constant K0Γ
,

^ qΓ̄ )/∂q 2 )0 |Γi,
K0ΓΓ̄ = hΓ|(∂ 2 H(r,
Γ̄

(2)

is related to the contribution of the fixed ground state
Γ
electron distribution. The second term, KvΓ
(which is
always negative),
X
0
KvΓΓ̄ = −2
|FΓ̄ΓΓ |2 /(EΓ0 − EΓ )
(3)
Γ0

is the vibronic contribution to the curvature of the AP
arising from the mixing of the ground (Γ) with the ex-
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0
^ qΓ̄ )/∂qΓ̄ )0 |Γ0 i
FΓ̄ΓΓ = hΓ|(∂ H(r,

(4)

is the constant of vibronic coupling between the mixing
0
states. The vibronic constants FΓΓΓ and, therefore, the
Γ
to the curvature of the AP
vibronic contribution KvΓ
are nonzero only if Γ × Γ0 contains Γ.
It was proved analytically and confirmed by a series
of numerical calculations [16–20] that, for any molecular
Γ
system, K0Γ
≥ 0. This means that any structural instability and distortions of a high-symmetry configuration
of any polyatomic system in a non-degenerate state is
caused by and only by the vibronic coupling to appropriate excited states higher in energy. The instability takes
Γ
Γ
| ≥ K0Γ
holds, i.e. when the
place if the inequality |KvΓ
vibronic coupling is strong enough, and/or the energy
gap between the mixing states is relatively small. It was
shown also [17–19] that, in contrast to the widespread
thinking, the pseudo Jahn–Teller effect can be essential
even for electronic states with large energy level gaps.
Direct calculation of the vibronic coupling matrix elements involved in the PJT models is rather difficult
mathematically. In the present work, the values of parameters (primary force constants K0 and vibronic coupling constants V ) are estimated by fitting the ab initio
data for the APES of molecules to the general formula
obtained from the vibronic theory. In the case of the
two-level problem, the root of the corresponding secular
equation is
q
Γ 2
ε0 (qΓ ) = 1/2K0Γ
(5)
qΓ − Δ2 + V 2 qΓ2 .
3. Results and Discussion
3.1. Quantum chemical calculations of charged
hydrogen bonded complexes, H+ (H2 O)n ,
n = 6, 4, 3
Protons in liquid water interact with surrounding water molecules forming molecular clusters of the type
H+ (H2 O)n , which can be stable, less stable, or unstable. The most simple and current clusters of the above
type correspond to n = 2 (H5 O+
2 dihydronium cation),
n = 4 (H9 O+
cluster)
and
n
=
6
(H13 O+
4
6 cluster).
In order to determine the possibility of the formation
of various charged hydrogen bonded complexes, we make
calculations concerning the H+ (H2 O)n clusters, in which
a proton is surrounded by 6, 4, and 3 water molecules.
All the structures are optimized in the most possible
ISSN 2071-0194. Ukr. J. Phys. 2012. Vol. 57, No. 11
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+
Fig. 1. High-symmetry structures of the H+ (H2 O)n (n = 6, 4, 3) clusters, low-symmetry distortions in them leading to their decay
(eg -type for n = 6, e-type for n = 4, and e0 -type for n = 3), and the PJT stabilization energies of decay

high-symmetry nuclear configurations (Th for n = 6, D2d
for n = 4, and D3h for n = 3). Then, their stability or
instability with respect to low-symmetry distortions (eg type, e-type, and e0 -type, respectively, for n = 6, 4, 3)
is studied. From Fig. 1, it is seen that all considered
proton-centered water clusters in their highest possible
symmetry are unstable with respect to the nuclear displacements, leading to the formation of the dihydronium
+
+
cation H5 O+
2 : H2n+1 On → (n − 2)H2 O + H5 O2 .
In all the cases, the origin of this instability and the
following decay are due to the PJT coupling between the
ground and excited electronic states of an appropriate
symmetry. Thus, such clusters can exist in water only as
the short-lived objects that do not affect the properties
of water.
3.2. Pseudo Jahn–Teller effect in the H5 O+
2
and H5 O+
2 (H2 O)4 clusters
The geometry of any molecular system is determined by
its electronic structure and the transmutation symmetry of identical atoms. The latter requires to begin the
investigation of the possible spatial structures of the systems with its highest possible symmetry. In the case of
+
the H5 O+
2 and H5 O2 (H2 O)4 molecules, the configurations of D2d and D2h symmetry are the starting ones.
Calculations show that the D2d structures are lower in
energy as compared with the D2h configurations by the
ISSN 2071-0194. Ukr. J. Phys. 2012. Vol. 57, No. 11

+
values of 1.7 eV for H5 O+
2 and 0.2 eV for H5 O2 (H2 O)4 .
The ground-state wavefunctions of both systems belong
to the 1A1 representation of the D2d symmetry point
group, corresponding to a closed-shell electronic configuration. In this geometry, the out-of-center displacement
of the central proton toward one of the oxygen atoms
is a b2 -type distortion (Fig. 2). This means that only
the excited states of the 1B2 symmetry contribute to the
instability of D2d configurations with respect to this distortion: A1 × B2 = B2 .
In Fig. 3, the molecular orbitals and the electronic
terms of both considered systems are presented. The 1B2
excited states are formed by the one-electron excitation
from the occupied b2 molecular orbital to the unoccupied
a1 MO. It is seen that the energy gap between the ground
1
A1 and the excited 1B2 states is rather large in both
cases. But the vibronic coupling of these states can be
strong enough to lead to the instability of the considered
nuclear configurations.
Calculations of the total energy of H5 O+
2 as a function
of the proton displacement (at RO–O = 2.34 Å optimized
in the D2d structure) showed a single-well adiabatic potential (Fig. 2). This means that the shared proton is
located midway between both oxygen atoms, in accordance with the reported experimental data [21] and highlevel ab initio calculations [22]. However, with increasing the O–O distance, the APES becomes a double-well
one. In Fig. 4, the cross sections of the APES of a di-

1151

ION GERU, NATALYA GORINCHOY, IOLANTA BALAN

RO-O = 2.34 Å

RO-O = 2.38 Å

+
Fig. 2. D2d structures of H5 O+
2 and H5 O2 (H2 O)4 , the b2 -type distortions (schematically shown by arrows), and the AP curves along
the qb2 coordinate

a)

b)

+
Fig. 3. MO energy levels (a) and many-electronic states (b) of H5 O+
2 and H5 O2 (H2 O)4 in the D2d symmetry

hydronium cation along the b2 coordinate are shown for
several distances RO–O . As the qb2 coordinate, we use
the displacement of a proton from the center of the O-O
distance.
It is seen that, with increasing the O-O distance, the
height and the width of the barrier to proton transfer increases. In Table, the following parameters of the pseudo
Jahn–Teller effect are presented: the energy gaps between the 1A1 and 1B2 terms, 2Δ, primary force constants K0 , vibronic coupling constants V , and resulting
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values of the curvature K = K0 − V 2 /Δ. They were
obtained, by using the procedure described in Section
2.2. From these data, it follows that the proton transfer
from one water molecule to another one can be realized
through the energy barrier, whose height and width increase with the O-O distance in the H2 O–H–OH2 moiety.
Unlike the dihydronium cation H5 O+
2 , the APES
of the H5 O+
(H
O)
cluster
is
of
a
double-well
shape
2
4
2
(Fig. 2). The high-symmetry D2d nuclear configuration of H5 O+
2 (H2 O)4 is unstable with respect to an offISSN 2071-0194. Ukr. J. Phys. 2012. Vol. 57, No. 11
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center displacement of the proton (the b2 mode) leading
to the stable C2v nuclear configuration, which is also
confirmed by the DFT calculations of this cluster [5].
As in the previous case, the vibronic origin of the proton transfer barrier in this system is revealed by solving the PJT ((A1 + B2 ) ⊗ b2 problem. The calculated
values of PJT parameters in this case are: K0 = 55.3
eV/Å2 , V = 17.7 eV/Å, the resulting curvature of the
AP, K = −2.7 eV/Å2 . From Fig. 3,b, it is seen that, for
the H5 O+
2 (H2 O)4 cluster, the energy gap between the
mixing 1A1 and 1B2 terms is much smaller than that for
the Zundel cation H5 O+
2 . Although the values of K0
and V also decrease with the expansion of the cluster,
the vibronic contribution Kv to the curvature of the AP
is substantial enough to satisfy the instability condition
|Kv | > K0 .
The relatively large value of the vibronic constant is
due to the nature of the mixing of the 1A1 and 1B2
states. In the D2d nuclear configuration, the excited 1B2
term arises from the excitation of one electron from the
fully occupied molecular orbital b2 (formed almost solely
from the 2pσ AOs of the oxygen atoms) to the unoccupied a1 MO that has the significant hydrogen character
(Fig. 5). Thus, the wavefunctions of the ground 1A1 and
the excited 1B2 electronic states differ by one spin-orbital
only. Taking into account that the Hamiltonian H in
Eq. (4) is a sum of one-particle operators, the vibronic
^ q)/∂qb )0 |B2 i is reduced to
constant Fb2 = hA1 |(∂ H(r,
2
the matrix element hb2 |(∂H/∂qb2 )0 |a1 i. The large values of vibronic constants are explained by the nature
of mixing MOs determining the strong alteration of the
binding by a distortion. Indeed, in the high-symmetry
D2d nuclear configuration, the overlap of the occupied
b2 and unoccupied a1 orbitals is zero by symmetry restrictions. Hence, these orbitals do not contribute to the
oxygen-hydrogen bonding. Under the b2 -type nuclear
displacements, both b2 and a1 MOs become of the same
symmetry a1 . Now, their overlap is nonzero resulting
in the additional bonding of the 2pσ AO of one of the
oxygen atoms with the orbital of the central hydrogen
atom.
+

T a b l e. Parameters of the PJTE for H5 O2
RO–O (Å)

2.35

2.36

2.37

2.38

2.39

K0 (eV/Å2 )

64.76

63.95

64.67

63.63

61.99

V (eV/Å)

22.07

22.05

22.28

22.21

22.04

Δ (eV)

7.413

7.412

7.412

7.411

7.410

K (eV/Å2 )

–0.92

–1.61

–2.28

–2.93

–3.54

h (kcal/mol)

0.02

0.05

0.11

0.18

0.26

qmin (Å)

0.06

0.08

0.09

0.10

0.11
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Fig. 4. Cross sections of the APES of H5 O+
2 along the b2 coordinate for several distances RO–O

4. Conclusions
In this work, we have demonstrated that the hydrogen
bonds in protonated water clusters can be described in
the framework of the pseudo Jahn–Teller effect; all calculated potential energy curves along the off-center proton displacements are fully coincide with those predicted
from the general theory.
Calculations confirm also that the breathing mode
that controls the O-O distance between two water
molecules plays a very important role in the proton
transfer dynamics. While in the proton-bounded water dimer H5 O+
2 , the shared proton is located midway
between both oxygen atoms, its ground-state AP as a
function of the off-center proton displacement becomes a
double-well with increasing the O-O distance. Accounting for only the first solvation sphere around the Zundel
cation in the H5 O+
2 (H2 O)4 cluster leads to a double-well
adiabatic potential energy surface along the hydrogenbond coordinate and to the instability of the on-center
position of the shared proton.
This instability is shown to originate from the pseudo
Jahn–Teller mixing of the electronic 1 A1 ground state
with the excited state of 1 B2 symmetry through the
asymmetric b2 vibrational mode. Though the energy
gap between the mixing states is rather large, the pseudo
Jahn–Teller effect on the off-center displacement of the
central proton toward one of the oxygen atoms is rather
strong due to the relatively large vibronic constant. The
latter, in its turn, is due to the nature of the mixing MOs
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D2d

C2v

(a)

(b)

Fig. 5. (a) Vibronically mixing molecular orbitals: occupied MO b2 and unoccupied MO a1 ; (b) schematic illustration to the covalency
origin of the vibronic instability of the D2d configuration of the H5 O2 moiety: b2 ⊗ a1 . The overlap integral between the vibronically
mixing molecular orbitals is zero in the D2d configuration and becomes nonzero by the b2 distortion, shifting the proton toward one of
the oxygen atoms

determining the strong alteration of the binding by the
distortion.
The high-symmetry proton-centered water clusters
H+ (H2 O)n with n > 2, even without considering lowsymmetry surroundings, are unstable with respect to
low-symmetry nuclear displacements, leading to the formation of the dihydronium cation H5 O+
2 and water
+
→
(n−2)H
O
+
H
O
molecules: H2n+1 O+
2
5 2 . The origin
n
of this instability is due to the PJT coupling between the
ground and excited electronic states of the appropriate
symmetry. Thus, such clusters can exist in water only
as short-lived objects that do not affect the properties
of water.
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ПСЕВДОЕФЕКТ ЯНА–ТЕЛЛЕРА ЯК ПРИЧИНА
ТУНЕЛЮВАННЯ ПРОТОНА В КЛАСТЕРАХ ВОДИ,
ЩО МIСТЯТЬ КАТIОН ЦУНДЕЛЯ
I. Жеру, Н. Горiнчой, I. Балан
Резюме
Розрахунками ab initio електронної структури та кривих адiабатичного потенцiалу катiона Цунделя для рiзних вiдстаней
O–O i кластера H5 O+
2 (H2 O)4 показано, що бар’єр для переносу
протона зобов’язаний своїм походженням псевдо-ефекту Яна–
Теллера. Зiставлення розрахункових i аналiтичних кривих адiабатичного потенцiалу дозволило оцiнити вiброннi константи.
Показано, що високосиметричнi ядернi конфiгурацiї кластерiв
води з протоном у центрi типу H+ (H2 O)n (n = 6, 4, 3) нестабiльнi щодо низькосиметричних збурень, що приводять до
утворення катiона дигiдронiю H5 O+
2 i вiдповiдного числа мо+
лекул води: H2n+1 O+
n → (n − 2)H2 O + H5 O2 . Причиною цiєї
нестабiльностi i подальшого розпаду є псевдо-ян-теллерiвський
зв’язок основного i збудженого електронних станiв.
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